In this paper, we study the Hom version of the Grothendieck Conjecture for hyperbolic polycurves of dimension 2. We group theoretically characterize dominant morphisms from regular varieties to hyperbolic polycurves of dimension 2 in some sense. Also, we show that any open group homomorphism between their fundamental groups is induced by a morphism of varieties if the Grothendieck Section Conjecture holds.
In the case where K is finitely generated over Q, Y is a normal variety, and X is a hyperbolic curve (cf. Definition 1.1), A. Grothendieck conjectured that the answer to Question0.1.1, 2, and 3 (see Conjecture 4.1 for a precise statement) are affirmative [Letter] . Question 0.1.1 (resp. 2 ; 3) is called the Isom version of the Grothendieck Conjecture (resp. the Hom version of the Grothendieck Conjecture ; the Grothendieck Section Conjecture).
Suppose that Y is a normal variety, and that X is a hyperbolic curve. In the case where K is finitely generated over Q and Y is also a hyperbolic curve, Question 0.1.1 was affirmatively answered by Tamagawa [Tama1] . In the case where K is sub-p-adic field (i.e., a subfield of a field finitely generated over Q p (cf. Definition 1.5)) and Y is a smooth variety, Question 0.1.2 is affirmatively answered by Mochizuki [Moch1] (cf. Proposition 1.10). Also, the injectivity portion of Question 0.1.3 is proved in [Moch1] (cf. Proposition 1.12).
Suppose that Y is a normal variety, and that X is a hyperbolic polycurve (cf. Definition 1.1), that is, a variety X over K which admits a structure of successive smooth fibrations
whose fibers are hyperbolic curves which are regarded as higher dimensional analogue of hyperbolic curves. In the case where K is finitely generated over Q and n ≤ 4, Question 0.1.2 was affirmatively answered by Hoshi under some conditions (cf. Proposition 1.14.2) [Ho2] . Then he proved Question 0.1.1 by using this result. Moreover, when X is a strongly hyperbolic Artin neighbourhood ( [SS] Definition 6.1) and K is finitely generated over Q, Question 0.1.1 was affimatrively answered by Stix and Schmidt [SS] . In the present paper, we generalize Proposition 1.14.2 (which corresponds to the Hom version of Grothendieck Conjecture for hyperbolic polycurves of dimension 2 over sub-p-adic fields).
In the situation of Proposition 1.14.2, we work with an outer open homomorphism φ whose kernel is topologically finitely generated. In this case, a morphism f inducing φ is automatically dominant. To generalize Proposition 1.14.2 for the case where the kernel of φ is not topologically finitely generated, we can not expect that f is dominant.
Problem 0.2. There exists a neither constant nor dominant morphism f : Y → X 2 which induces an outer open homomorphism f * : π 1 (Y, * Y ) → π 1 (X 2 , * X ). Hence, we need to establish a criterion for an outer homomorphism π 1 (Y, * Y ) → π 1 (X 2 , * X ) to be induced by a dominant morphism of varieties.
To solve this problem, we use the following observation:
Observation 0.3. Consider a nonconstant morphism f : Y → X 2 such that the composite morphism Y → X 2 → X 1 is dominant. Note that the dimension of the image of f is 1 if and only if there exists a dominant morphism X ′ 1 → X 1 from a hyperbolic curve and a morphism Y → X ′ 1 over X 1 such that the induced morphism Y → X 2 × X 1 X ′ 1 defines a section of the morphism X 2 × X 1 X ′ 1 → X ′ 1 . Therefore, a similar argument for the homomorphisms betweenétale fundamental groups should be hold if the Hom version of the Grothendieck Conjecture for X 2 holds.
The author can not prove the complete analogue for homomorphisms between fundamental groups at the time of writing. (We discuss this problem in Section 6. If the Grothendieck Section Conjecture holds, we can obtain the complete analogue.) We prove Theorem 0.4 by using a weaker version of the above argument (cf. Proposition 2.4).
The main results of this paper are as follows:
Theorem 0.4. (see Theorem 3.5 for a precise statement) Let K be a subp-adic field, Y a regular variety over K, X 2 → X 1 → Spec K a hyperbolic polycurve of dimension 2 over K, and φ an outer open homomorphism from π 1 (Y, * Y ) to π 1 (X 2 , * X ). Then the following are equivalent:
an outer open homomorphism over G K . Then the image of the induced outer homomorphism
is open.
3. The following condition is not satisfied: There exist a finite extension
1 over * X , the image of the induced outer homomorphism
determines a section of the homomorphism
Remark 0.5. 1. One may consider that we should take * X ′ which is over the geometric point * X of X 1 . Since we only consider outer homomorphisms in Theorem 0.4, this does not matter. 
arises from an element of Mor
In [Moch1] , the Isom and Hom Version of the pro-p Grothendieck Conjecture for hyperbolic curves over sub-p-adic fields are studied. Sawada studied the Isom and Hom Version of the pro-p Grothendieck Conjecture for hyperbolic polycurves over sub-p-adic field under some conditions on their fundamental groups [Saw] . In the appendix of the present paper, we give examples of hyperbolic polycurves over sub-p-adic field which shows that the Isom and Hom version of the pro-p Grothendieck Conjecture for hyperbolic polycurves over sub-p-adic field does not holds generally.
The content of each section is as follows: In Section 1, we give a review on properties ofétale fundamental groups of hyperbolic polycurves. In Section 2, we give a classification of outer open homomorphisms from the fundamental group of a regular variety to that of hyperbolic polycurve of dimension 2 over a field of characteristic 0 by using homotopy exact sequence constructed in [Nag] . In Section 3, we give a proof of Theorem 0.4. In Section 4, we review the Grothendieck Section Conjecture for hyperbolic curves over sub-p-adic fields. In Section 5, we give a proof of Theorem 0.6. In Section 6, we give a classification of outer open homomorphisms from the fundamental group of a regular variety to that of a hyperbolic polycurve of dimension 2 over a sub-p-adic field in the case where the Grothendieck Section Conjecture holds. In Section 7, we give examples of hyperbolic polycurves which shows that the anabelianity of hyperbolic polycurves is weaker than that of hyperbolic curves in some sense.
Notation and Basic Properties
In this section, we fixes some notations and definitions.
Definitions
We start with the definition of hyperbolic curves. Definition 1.1. Let S be a scheme.
1. We shall say that a scheme X is a hyperbolic curve over S if the following conditions are satisfied:
• X is a scheme over S.
• There exists a scheme X which is proper smooth over S with connected 1-dimensional fibers of genus g.
• There exists a reduced closed divisor D of X which is finiteétale over S of rank r.
• The open subscheme X \ D of X is isomorphic to X over S.
• 2g + r − 2 > 0.
2. We shall say that X 2 → X 1 → S is a hyperbolic polycurve of relative dimension 2 over S if X 2 → X 1 and X 1 → S are hyperbolic curves.
Remark 1.2. Let S be a normal scheme and X a hyperbolic curve over S. Then a pair of schemes (X, D) which satisfies the conditions in Definition 1.1.1 is uniquely determined by X up to canonical isomorphisms from the argument given in the discussion entitled Curves in [Moch3] §0. We shall refer to D as the divisor of the cusps of X → S.
3) Let S be a connected Noetherian separated normal scheme over Q and X 2 → X 1 → S a hyperbolic polycurve of relative dimension 2 over S. Let Y 2 → X 2 be a finiteétale covering. Write Y 1 (resp. T ) for the normalization of X 1 (resp. S) in the function field of
Definition 1.4. Let K be a field. We shall say that a scheme X over K is a variety if the morphism X → Spec K is separated and of finite type with geometrically connected fibers.
Notation-Definition 1.5. 1. Let K be a field. We write G K for the absolute Galois group of K.
2. Let p be a prime number p. We say that a field K is a sub-p-adic field if there exists a finitely generated extenision field L over Q p and an injective homomorphism ι : K → L.
Fundamental Groups of Relative Curves
In the present section, we review properties ofétale fundamental groups of hyperbolic polycurves. All the statements in this section except for Proposition 1.8 are the results of [Ho2] . Here, we write ∆ X/S for the kernel of the homomorphism π 1 (X, * ) → π 1 (S, * ).
3. Let S ′ be another locally Noetherian normal scheme and S ′ → S a dominant morphism. Take another geometric point
Since the homomorphism G
K(S) d
→ G d is surjective, the assertion 2 holds. The assertion 3 follows from the assertion 2 and Proposition 1.7.2. Lemma 1.9. ([Ho2] Lemma 2.10) Let k be a field of characteristic 0, S normal varieties over k, and X a hyperbolic polycurve over S. Let Y be a normal variety over k and Y → S a morphism over k. Write η → Y for the generic point of Y and take a geometric point η of η. Write G η for the absolute Galois group of the function field of Y . Let φ : π 1 (Y, η) → π 1 (X, η) be a continuous homomorphism over π 1 (S, η). Then the following conditions are equivalent:
1. There exists an element δ of Ker(π 1 (X, η) → π 1 (S, η)) such that the composite of φ with δ-inner automorphism arises from a morphism Y → X over S.
2. There exists a morphism η → X over S and an element δ of Ker(π 1 (X, η) → π 1 (S, η)) such that the homomorphism G η → π 1 (X, η) induced by this morphism coincides with the composite homomorphism of the outer surjection G η → π 1 (Y, η) induced by η → Y , φ, and δ-inner automorphism.
Anabelian Geometry of Hyperbolic Polycurves
In this subsection, we review the theory of anabelian geometry of hyperbolic polycurves over sub-p-adic fields. First, we start with a treatment of outer homomorphisms. Let G 1 and G 2 be profinite groups. An outer homomorphism G 1 → G 2 is defined to be an equivalence class of continuous homomorphisms G 1 → G 2 , where two such homomorphisms are considered equivalent if they differ by composition with an inner automorphism of G 2 . Note that the image of an outer homomorphism is well-defined up to conjugation. For any outer homomorphism φ, we shall say that φ is open (or, alternatively, φ is an outer open homomorphism) if the image (determined uniquely up to conjugation) of φ is open.
Let K be a field of characteristic 0 and K an algebraic closure of K. Let X and Y be normal varieties (cf. Definition 1.4) over K.
Suppose that X → Spec K is a hyperbolic curve over K. 
is bijective (cf. Question 0.1.2).
Remark 1.11. There exists hyperbolic curves C 1 and C 2 over a sub-padic field K and an outer homomorphism between their fundamental groups which is not induced by a morphism of schemes over K (cf. Example 4.4.2).
Proposition 1.12. (cf.
[Moch1] Theorem C) Suppose that K is a sub-p-adic field, and that X → Spec K is a hyperbolic curve over K. The natural map
is injective (cf. Question 0.1.3). Suppose that X = X 2 → X 1 → Spec K be a hyperbolic polycurve of dimension 2 over K. Write X 2,K (resp. X 1,K ) for the base change 
1. The first horizontal map is (and hence the second horizontal map is also) injective.
2. An element φ ∈ Hom
is contained in the image of the second horizontal map if the kernel of φ is topologically finitely generated.
Remark 1.15.
1. Proposition 1.14.1 holds in the case where X 2 → X 1 → Spec K is a hyperbolic polycurve of arbitrary dimension.
2. The Isom Version of the Grothendieck Conjecture for hyperbolic polycurves of dimension 2 over sub-p-adic fields follows immediately from Proposition 1.14. See [Ho2] for higher dimensional results.
3. As we write in Introduction, Mochizuki proved the Hom Version of the pro-p Grothendieck Conjecture for hyperbolic curves over sub-padic fields (cf. [Moch1] ). Moreover, Sawada proved a pro-p analogue of Proposition 1.14 under some assumption on the fundamental groups of hyperbolic polycurves. We construct examples which show that the Isom version of the pro-p Grothendieck Conjecture for hyperbolic polucurves over sub-p-adic fields does not holds in general in Section 7.
Suppose that K is a sub-p-adic field, and that X = X 2 → X 1 → Spec K is a hyperbolic polycurve of dimension 2 over K. Write ξ (resp. η) for the generic point of X 1 (resp. Y ) and X 2,ξ for the scheme X 2 × X 1 ξ. Suppose, moreover, that the image of
for the function field of ξ (resp. η), G ξ (resp. G η ) for the absolute Galois group of K(ξ), and φ 1,ξ :
Proposition 1.16. The following are equivalent:
2. There exists a K-morphism Y → X 2 which induces φ.
Proof. The implication 2 ⇒ 1 follows from Proposition 1.7.2. Suppose that the outer homomorphism φ ξ is induced by a
The composite outer homomorphism
coincides with the composite of the outer surjection G η → π 1 (Y, * Y ) induced by the morphism η → Y and φ. Then by Lemma 1.9, the K(ξ)-morphism f ξ induces a morphism Y → X 2 inducing φ.
Corollary 1.17. The following are equivalent:
2. The image of the outer homomorphism φ ξ is open.
3. There exists a dominant K-morphism Y → X 2 which induces φ.
Proof. Since K(ξ) is a sub-p-adic field, Corollary 1.17 follows from Proposition 1.10 and Proposition 1.16.
Morphisms from Regular Varieties to Hyperbolic Curves
In this section, we recall homotopy exact sequences established in [Nag] and give a classification of outer open homomorphisms from theétale fundamental group of regular varieties to that of hyperbolic polycurves of dimension 2 over a field of characteristic 0. Let K be a field of characteristic 0, 2. The sequence (8) is exact.
3. The group Ker (π 1 (Y, * ) → π 1 (E Y /X 1 , * )) is topologically finitely generated.
Proposition 2.2. There exist a finite extension K ′ of K, a hyperbolic curve over K ′ , and a finite dominant morphism X ′ 1 → U Y /X 1 over K such that the following two conditions hold:
• Write f ′ 1 for the composite morphism
1 satisfies the equivalent conditions in Proposition 2.1.
[Nag] Lemma 1.6.1). For a closed point u of X 1 , we write e(u) for the gcd of the multiplicities of the generic points of the fiber f −1 1 (u). By generic smoothness, the set {u ∈ X 1 ; e(u) = 1} is finite (therefore, we write {u 1 , . . . , u n } = {u ∈ X 1 ; e(u) = 1}). Take a nontrivial finite Galoisétale covering X 1 → U Y /X 1 such that we can choose closed pointsx i,1 andx i,2 of X 1 over u i (1 ≤ i ≤ n). Then there exists a finite Galoisétale covering X ′ 1,i → X 1 which is Z/e(u i )ZGaloisétale covering over X 1 \ {x i,1 ,x i,2 } and totally tamely ramified over x i,1 andx i,2 . Then write X ′ 1 → X 1 for the Galois closure of the covering Let X 2 → X 1 be a hyperbolic curve. Then X 2 → X 1 → Spec K is a hyperbolic polycurve of dimension 2 over K.
Notation-Definition 2.3.
1. For a variety Z over a field, we shall write Π Z for its fundamental group in the rest of this section. We only consider outer homomorphisms, and hence we do not write base points.
2. We shall write ∆ 2,1 for the kernel of the homomorphism Π X 2 → Π X 1 .
By Proposition 1.7.2, the kernel of the homomorphism
is canonically isomorphic to ∆ 2,1 for any connected scheme X ′ 1 over X 1 .
for the the induced outer group homomorphism by f ′ 1 . Then we have the following diagram ofétale fundamental groups:
By Proposition 1.
induced by φ and φ ′ 1 . Suppose that the kernel of the outer homomorphism φ ′ 1 is topologically finitely generated. Then one of the following conditions is satisfied:
• The image of the outer homomorphism φ ′ is open.
• The outer homomorphism
Proof. We may assume that φ ′ 1 (Π Y ′ ) = Π X ′
1
. Then we may also assume that φ 1 (Π Y ) = Π X 1 . Moreover, we may assume that φ(Π Y ) = Π X 2 by Proposition 1.3. Therefore, it holds that Ker (φ 1 )/Ker (φ) ∼ = ∆ 2,1 .
Since Ker (φ ′ 1 ) is a normal closed subgroup of Π Y ′ , Ker(φ 1 ) is normal in Ker (φ 1 ) ∩ Π Y ′ . Thus, the image of the homomorphism Ker (φ ′ 1 ) → ∆ 2,1 is normal in the image of the homomorphism Ker (φ 1 ) ∩ Π Y ′ → ∆ 2,1 which is open in ∆ 2,1 . By Proposition 1.7.3, the image of Ker 
A Characterization of Outer Homomorphisms
Arising from Dominant Morphisms of Schemes
In this section, we discuss conditions of outer homomorphisms from thé etale fundamental group of regular varieties to that of hyperbolic curves, and prove Theorem 0.4. Let p be a prime number and K a sub-p-adic field (cf. Definition 1.5). Let X 1 , X 2 , and Y be as in Section 2. For any variety W over a field, we shall write Π W for theétale fundamental group of W in this section. Let φ : Π Y → Π X 2 be an outer open surjective homomorphism over G K . Write φ 1 , f 1 , ξ, and φ ξ as in Proposition 1.16. Proposition 3.1. Suppose that f 1 satisfies the equivalent conditions in Proposition 2.1. Then the outer homomorphism φ is induced by a dominant morphism Y → X 2 over K.
Proof. It suffices to show that the outer homomorphism φ ξ is open by Corollary 1.17. We may assume that φ is surjective by Proposition 1.3 and Lemma 1.7.2. It holds that φ ξ is also surjective by 1.7.2 and the homotopy exact sequence obtained by the assumption that Proposition 2.1 holds for f 1 . Remark 3.3. One can verify that Ker φ 1 is topologically generated if Ker φ is so. Therefore, Proposition 1.14.2 follows from Proposition 3.1 and Remark 3.2.
Definition 3.4.
1. We say that φ satisfies the property (O) if the following condition is satisfied: (O): Let K ′ be a finite extension of K, Z → Y a connected finiteétale covering, and C → X 1 a finite dominant morphism from a hyperbolic curve over K ′ . Let f ′ 1 : Z → C be a morphism such that the following diagram commutes:
Write φ ′ 1 : Π Z → Π C for the outer open homomorphism induced by f ′ 1 . Suppose that the following diagram commutes:
Then the image of the induced outer homomorphism
2. We say that φ satisfies the property (S) if the following condition is satisfied: (S): There exist a finite extension field K ′ of K, a connected finité etale covering Z → Y , a finite dominant morphism X ′ → X from a hyperbolic curve over K ′ , and an outer open homomorphism φ ′ 1 : Π Z → Π C such that the following conditions are satisfied:
• The diagrams in 1 commute.
• The image of the induced outer homomorphism
determines a section of the outer homomorphism
, and Y ′ be as in Proposition 2.2. Write ξ ′ for the generic point of the scheme X ′ 1 and φ ′ ξ ′ for the outer homomorphism 
The outer homomorphism φ does not satisfy property (S).
3. The image of outer homomorphism φ ′ is open.
4. There exists a dominant K ′ -morphism f ′ : Y → X 2 × X 1 X ′ 1 which induces φ ′ (or equivalently, φ ′ and φ ′ ξ ′ satisfy the equivalent conditions in Corollary 1.17).
5. There exists a dominant K-morphism f : Y → X 2 which induces φ (or equivalently, φ and φ ξ satisfy the equivalent conditions in Corollary 1.17).
Proof. The implication 5 ⇒ 1 follows from Lemma 1.6. The implications 1 ⇒ 2 and 2 ⇒ 3 follow from Lemma 1.7, Proposition 2.4, and the definitions of (O) and (S). The implication 3 ⇒ 4 follows from Proposition 3.1. We show the implication 4 ⇒ 5. Since the outer homomorphism Π X ′
, the outer homomorphism φ ξ is also open. Hence, the implication 4 ⇒ 5 holds, and we finished the proof of Theorem 3.5.
Remark 3.6. We can not apply the same argument as Theorem 3.5 to a normal variety Y (cf. Remark 2.5).
The Grothendieck Section Conjecture
In this section, we recall the Grothendieck Section Conjecture for hyperbolic curves over sub-p-adic fields.
Let K be a field of characteristic 0 and X a hyperbolic curve over K. Write K for the algebraic closure of K and X K for the scheme X × Spec K Spec K. If X has a K-rational point x, we have a section
Here, x is a geometric point of X over x. If we consider another K-rational point of X, we need to take a geometric point over this point. Therefore, it is natural to work with sections of π 1 (X, x) → G K up to inner automorphisms induced by elements of theétale fundamental group of the scheme X K . Take a geometric point * of X K . Write the Sect G K (π 1 (X, * )) for the set of continuous section of the homomorphism π 1 (X, * ) → G K .
First, we state "the Grothendieck Section Conjecture" in a general setting.
Conjecture 4.1.
1. Suppose that X is a proper hyperbolic curve over K. Then the map
is bijective.
Write Sect
) for the subset of Sect G K (π 1 (X, * )) consisting of sections whose images are contained in a decomposition group of some cusp of X. Then the natural map
is bijective (cf. Example 4.4.1).
Suppose that K is a sub-p-adic field. Remark 4.3.
1. Lemma 4.2 holds if K is generalized sub-p-adic by its proof and Remark 1.13.
2. There exist (generalized) sub-p-adic fields such that the Grothendieck Section Conjecture does not holds for hyperbolic curves over them. Let L be the algebraic closure of Q in Q p . Then L is a henselian discrete valuation field with respect to p-adic topology, and we have
is not surjective, the Grothendieck Section Conjecture for X does not holds.
It is easy to see that the map (12) is not surjective if X is an affine hyperbolic curve.
Example 4.4. Suppose that the closed subscheme X \ X of the scheme X has a K-rational point x.
1. The decomposition group of x in the fundamental group π 1 (X, * ) is isomorphic to the Galois group G K((T )) of the field of Laurent series over K by Proposition 1.8.2. Since the characteristic of K is 0, there exists a section of the homomorphism G K((T )) → G K . Therefore, we obtain a section G K → π 1 (X, * ) which is not defined by a rational point of X by Lemma 4.2.
The morphism Spec
between their fundamental groups. Here, we do not write base points (because we work with outer homomorphisms). Hence, we obtain an outer homomorphism
whose image is a decomposition group of x. Therefore, the group Im φ neither is open in π 1 (X) nor determines a section of the homomorphism π 1 (X) → G K .
Sections for Hyperbolic Polycurve of Dimension 2
In this section, we proves the Hom version of the Grothendieck Conjecture for morphisms from regular varieties to hyperbolic polycurves of dimension 2 over a sub-p-adic field under the assumption that the Grothendieck Section Conjecture for hyperbolic curves holds. Let K be a field of characteristic 0 and X 2 → X 1 → Spec K a hyperbolic polycurve of dimension 2 over K. Let K 1 be the function field of X 1 , G K 1 the absolute Galois group of K 1 and write X 2,K 1 for the scheme X 2 × X 1 Spec K 1 . Take a geometric point * of X 2,K 1 , and write ∆ 2,1 for the kernel of the homomorphism π 1 (X 2 , * ) → π 1 (X 1 , * ) induced by X 2 → X 1 , which is isomorphic to the kernel of the homomorphism Π X 2 × X 1 Z for any normal scheme Z over X 1 . We shall write Sect π 1 (X, * ) (π 1 (X 2 , * )) for the set of sections of the homomorphism π 1 (X 2 , * ) → π 1 (X 1 , * ). Let (X 2 , D) be the smooth compactification of the hyperbolic curve X 2 → X 1 (cf. Remark 1.2). Since X 1 is normal, we have a decomposition D = ∐ 1≤i≤n D i , where D i is a normal scheme. Write θ i for the generic point of D i . We shall write Sect CD π 1 (X, * ) (π 1 (X 2 , * )) for the set of sections of the homomorphism π 1 (X 2 , * ) → π 1 (X 1 , * ) whose images are contained in a decomposition group of some θ i in π 1 (X 2 , * ).
Lemma 5.1. There exists a natural injective map (15) and a map
Proof. Since the group π 1 (X 2,K 1 , * ) is isomorphic to the group π 1 (X 2 , * )× π 1 (X 1 , * ) G K 1 by Proposition 1.7.2, we obtain a natural map
By the surjectivity of the homomorphism G K 1 → π 1 (X 1 , * ), this map is injective. Let s X : π 1 (X 1 , * ) → π 1 (X 2 , * ) be a section of the homomorphism π 1 (X 2 , * ) → π 1 (X 1 , * ) and θ an element of {θ i ; 1 ≤ i ≤ n} whose residue field is isomorphic to K 1 . Write G XK Proposition 5.2. Let X 2 → X 1 → Spec K be a hyperbolic polycurve of dimension 2 over K. Suppose that the Grothendieck Section Conjecture holds for the hyperbolic curve X 2,K 1 → Spec K 1 . Then the map
Proof. Consider the following diagram:
(18) The left vertical arrow is induced by base change, and hence injective. The right vertical arrow is injective by Lemma 5.1. The second horizontal map is bijective by the assumption of Proposition 5.2. Therefore, each element of (Sect π 1 (X 1 , * ) (π 1 (X 2 , * )) \ Sect CD π 1 (X, * ) (π 1 (X 2 , * )))/Inn (∆ 2,1 ) is defined by a section of the morphism X 2 → X 1 by Lemma 1.9. Hence, we finished the proof of Proposition 5.2.
Corollary 5.3. Suppose that the morphism X 2 → X 1 is proper and that the Grothendieck Section Conjecture holds for the hyperbolic curve
Lemma 5.4. Let K ′ be a finite extension of K, X ′ 1 a hyperbolic curve over K ′ , and X ′ 1 → X 1 a dominant morphism over K. Take a geometric point * ′ of X 2 × X 1 X ′ 1 . Then the images of the map
and Hom
Proof. Lemma 5.4 follows from Proposition 1.8.2 and Proposition 1.8.3.
In the rest of this section, for any variety W over a field, we shall write Π W for theétale fundamental group of W .
Theorem 5.5. Suppose that K is a sub-p-adic field, and that Y is a regular variety over K. Suppose that the Grothendieck Section Conjecture holds for any field which is finitely generated extension of K with transcendental degree 1 (cf. Remark 5.8). Then for any outer open homomorphism φ ∈ Hom
, and φ ′ be as in Theorem 3.5. By Theorem 3.5, we may assume that the image of φ ′ is not open. Therefore, by Lemma 2.4, the image of φ ′ determines a section of the homomorphism
which is not contained in the inertia subgroup of any cusps. Therefore, the image φ ′ 1 (Π Y ′ ) defines a section of the morphism
(This is the first time when we use the assumption of the Grothendieck Section Conjecture.) Then we have the following commutative diagram of schemes:
The rest of the proof consists of the following three steps:
step 1 We show that the composite outer homomorphism
is an isomorphism. Since the base change to this isomorphism over Π U ′ is induced by the morphism U ′ → U ′ , Im φ U is not contained in the inertia subgroup of any cusp by Proposition 1.8.3. Hence, the subgroup Im φ U of Π X 2 × X 1 U defines a section of the morphism
(This is the second time when we use the assumption of the Grothendieck Section Conjecture.)
step 3 We show that there exists a K-morphism Y → X 2 inducing the outer homomorphism φ.
First, we show step 1. Since the scheme U (resp. U ′ ) is normal and the
we obtain a natural outer homomorphism Π U ′ → Im φ U . Let d be the extension degree between the function fields of U Y /X 1 and X ′ 1 . Since the morphism
is an isomorphism to a subgroup of index d. Hence, the outer homomorphism Π U ′ → Im φ U is injective. From the arguments in this paragarph, we obtain the following diagram:
Since the first homomorphism of each horizontal line is surjective, the second vertical homomorphism is an isomorphism into a subgroup of Im φ U of index ≤ d. Thus, the surjection Im φ U → Π U is bijective, and we finished the proof of step 1. Next, we see that step 3 follows from step 2. It suffices to show that the composite morphism Y → X 2 × X 1 U Y /X 1 → X 2 induces φ, which we can verify by considering the definition of the outer homomorphism Π Y → Π X 2 × X 1 U Y /X 1 .
Finally, we show that step 2 follows from step 1 without using the assumption that the image of φ is open. Thus, we may assume that X 1 = U Y /X 1 . Therefore, U is an open subscheme of X 1 , and it suffices to show that φ is induced by a K-morphism. By step 1, we have the following morphisms of schemes:
These morphisms induce outer homomorphisms which coincide with the outer homomorphisms
written in the diagram (21) by Proposition 1.10. Let ξ, X 2,ξ , Y ξ , and φ ξ be as in Proposition 1.16. Write f U (resp. f ξ ) for the composite morphism Y U → U → X 2 × X 1 U (resp. the morphism f U × id ξ ).
Since the outer homomorphisms φ U and φ ξ are induced by φ, the right diagram of profinite groups in (23) commutes. By Proposition 1.7.2, the diagram of profinite groups induced by the left diagram coincides with the corresponding part of the right diagram. Therefore, φ is induced by a morphism Y → X 2 over X 1 by Proposition 1.16.
Remark 5.6. We can not apply the same argument as Theorem 5.5 to a normal variety Y (cf. Remark 3.6).
Corollary 5.7. Theorem 5.5 holds if we suppose that Y is normal (not regular).
Proof. Since there exists a dense open subscheme of Y which is smooth over K, this follows from Lemma 1.6 and Theorem 5.5.
Remark 5.8. Suppose that the Grothendieck Section Conjecture holds for any field which is finitely generated extension of K with transcendental degree dim Y . Write η (resp. G η ) for the spectrum (resp. the absolute Galois
Then the image of the induced homomorphism
2. We say that φ satisfies the property (S') if the following condition is satisfied: (S'): There exist a finite dominant morphism X ′ → X from a smooth curve over K and an outer open group homomorphism φ ′ 1 : Π Y → Π X ′ 1 over G K such that the following conditions are satisfied:
• The diagrams in 1 commutes.
• 
